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ABSTRACT
In hierarchical evolution, voids exhibit two different behaviors related with their sur-
roundings and environments, they can merge or collapse. These two different types of
void processes can be described by the two-barrier excursion set formalism based on
Brownian random walks. In this study, the analytical approximate description of the
growing void merging algorithm is extended by taking into account the contributions
of voids that are embedded into overdense region(s) which are destined to vanish due
to gravitational collapse. Following this, to construct a realistic void merging model
that consists of both collapse and merging processes, the two-barrier excursion set
formalism of the void population is used. Assuming spherical voids in the Einstein
de Sitter Universe, the void merging algorithm which allows us to consider the two
main processes of void hierarchy in one formalism is constructed. In addition to this,
the merger rates, void survival probabilities, void size distributions in terms of the
collapse barrier and finally, the void merging tree algorithm in the self-similar models
are defined and derived.
Key words: methods: analytical – methods: numerical–cosmology: theory–large-scale
structure of Universe
1 INTRODUCTION
The present-day Universe shows a complex pattern of structures, called the Cosmic Web (Bond et al. 1996). Galaxy red-
shift surveys find that voids are dominant features of the large scale structure (Kirshner et al. 1981; Geller & Huchra
1989; da Costa et al. 1994; Shectman et al. 1996; Einasto et al. 1997; Plionis & Basilakos 2002; Jo˜eveer et al. 1978;
van de Weygaert & van Kampen 1993; van de Weygaert & Bond 2008; van de Weygaert 1991; Maurogordato et al. 1992;
Strauss et al. 1992; Fisher et al. 1995; Saunders & et al. 2000; Jones & et al. 2004; van de Weygaert & Platen 2011). Dif-
fering from overdense haloes, voids evolve out of the underdensities in the primordial gravitational fluctuations. Due to their
internal weak gravity driven by a negative density profile, they expand with respect to the background Universe rather than
collapse. According to the void based description of the cellular morphology of the Cosmic Web, voids are important com-
ponents of hierarchical structure formation since the growth of the large scale structure may be driven by the expansion of
voids (Icke 1984; van de Weygaert 1991, 2003). In addition to this, numerical calculations and N-body simulations show that
the voids tend to be spherical in time (Centrella & Melott 1983; Fujimoto 1983; Bertschinger 1985; Regos & Geller 1991;
Dubinski et al. 1993; van de Weygaert & van Kampen 1993; Colberg et al. 2005; Tavasoli et al. 2013) and this tendency is
explained by the Bubble Theorem (Icke 1984).
Although there are differences between haloes and voids due to their origins, voids evolve hierarchically (Regos & Geller
1991; van de Weygaert & van Kampen 1993; Gottlo¨ber et al. 2003; Sheth & van de Weygaert 2004; Colberg et al. 2005;
Sheth & van de Weygaert 2004; Paranjape et al. 2012; Sutter et al. 2012b; Aragon-Calvo & Szalay 2013; Sutter et al. 2013)
in a similar fashion to dark matter haloes. An important step towards understanding void hierarchy is provided by the void
simulations of Dubinski et al. (1993) that are based on the analytical model of isolated spherical voids (Blumenthal et al.
1992). Another significant contribution is the work of Sahni et al. (1994). They applied the Lagrangian adhesion model de-
scription to the evolution of voids, resulting in revealing the unfolding void evolution. In their study, they found a strong
correlation between the size of voids and the primordial gravitational potential at their centre. Another important result
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is shown in Sahni et al. (1994); Ceccarelli et al. (2013); Sutter et al. (2013); that large voids have more substructures than
small size voids, and as voids grow older they become progressively emptier indicating less substructures within them. This
result that voids have substructures is in agreement with N-body simulations, indicating that the interiors of voids are filled
with subvoids, galaxies and even filaments (van de Weygaert & van Kampen 1993; Gottlo¨ber et al. 2003; Mathis & White
2002; Benson et al. 2003). Sutter et al. (2013) point out that this tendency of a large void becoming emptier or erasing the
substructures in itself is strongly related with choosing the tracking density in the simulations. As a result, a lower track-
ing density indicates less substructures in a void. The effect of these substructures on void evolution is important as they
interact with their surroundings and have an impact on void evolution. Based on these theoretical and numerical results,
Sheth & van de Weygaert (2004) point out that contrary to overdense regions, the evolution of voids is dictated by two pro-
cesses depending on their environment: they can merge into larger voids and/or voids embedded in overdense regions can
collapse. Ceccarelli et al. (2013) find a similar behavior as Sheth & van de Weygaert (2004) in numerical simulations and
classify voids into S (small)-Type and R (raising)-Type. Sheth & van de Weygaert (2004) suggest that the hierarchical evolu-
tion of these two different types of void processes can be described by the two-barrier excursion set formalism. Representing
merging and collapsing dynamical behaviors of void populations, these two barriers encapsulate what it takes to let a void
merge and collapse. In linear theory, the merging of a spherical void is represented by a constant critical density, δv = −2.81
in the EdS Universe, while the collapse of a spherical void is given by a fixed critical density value, δc = 1.686. Later on,
Furlanetto & Piran (2006) introduce an analytical model of void size in the galaxy distribution by applying the EPS formalism.
A numerical study of void hierarchy based on the Hierarchical Cosmic Spine method is introduced by Aragon-Calvo & Szalay
(2013). Aragon-Calvo & Szalay (2013) apply this method to cosmological N-body simulation in order to analyze voids in
hierarchical space. In their study they stress out the importance of small scale voids in order to obtain the dynamics around
a halo. Based on the study of Sheth & van de Weygaert (2004), Russell (2013) construct a void merging tree algorithm of
the growing spherical void population, based on the one-barrier excursion set theory as an adaption of the halo merging
algorithm of Lacey & Cole (1993). Following up on Sheth & van de Weygaert (2004), Russell (2013) obtain an approximate
analytical description of the merging tree based on excursion set theory, by assuming only growing spherical voids in the EdS
Universe. This formalism leads to a considerably modified view of the evolution of voids. However, to define a more realistic
void hierarchy model, it is essential to consider the dominant environmental influence on the evolution of voids by following
Sheth & van de Weygaert (2004). Environmental influence strongly affects void sizes and their distribution. Following this,
Sutter et al. (2013) provide a general framework in order to make connections between dark matter voids and galaxy voids
from the same cosmological simulation by using the hierarchical tree structure of voids.
The different aspects of void populations have been discussed by observational and numerical studies
(Regos & Geller 1991; Dubinski et al. 1993; van de Weygaert & van Kampen 1993; El-Ad et al. 1997; Plionis & Basilakos
2002; Gottlo¨ber et al. 2003; Hoyle & Vogeley 2002; Benson et al. 2003; Hoyle & Vogeley 2004; Colberg et al. 2005;
Tikhonov & Karachentsev 2006; Tully et al. 2008; Colberg & et al. 2008; Kraan-Korteweg et al. 2008; Tinker & Conroy 2009;
Lavaux & Wandelt 2010; Kreckel et al. 2011; Lavaux & Wandelt 2012; Kreckel et al. 2012; Pan et al. 2012; Sutter et al. 2012b;
Bos et al. 2012; Sutter et al. 2012a; Beygu et al. 2013; Aragon-Calvo & Szalay 2013; Tavasoli et al. 2013). Today we know
that the void size range is approximately 5 − 135 h−1Mpc (Sutter et al. 2012b). However, there are some studies claim-
ing that voids can have very small sizes, 0.7 − 3.5 h−1Mpc (Karachentsev et al. 2004; Tikhonov & Karachentsev 2006;
Tikhonov & Klypin 2009). Based on these studies, Tikhonov et al. (2009) compare the observed spectrum of minivoids in the
local volume within an 8 Mpc size sphere in the Local Group with the spectrum of minivoids determined from the simulations
in the cold dark matter (CDM) and warm dark matter (WDM) models. They show the difference between the observed
spectra of minivoids in the ΛWDM and ΛCDM models. Viel et al. (2008) make a preliminary attempt to link the population
of voids in the transmitted Lyman-α flux to the underlying gas density, temperature and dark matter density. The use of
Lyman-α high resolution spectra is important in the sense that it explores a new regime at scales, redshifts and densities
which are currently not probed by other observables: the scales are of the order of a few to tens of Mpc, the redshift range is
between z = 2 and 4, while the densities are around the mean density.
There are more attempts to understand the dynamical, thermal and chemical evolution of the void population, and the
interplay between galaxies and the intergalactic medium (Shang et al. 2007; D’Aloisio & Furlanetto 2007). Motivated by the
empirical evidence for significant preheating of at least parts of the intergalactic medium at z ∼ 3, Shang et al. (2007) make a
simple model for the spatial distribution of preheated regions. The model assumes spherical ionized bubbles around collapsed
dark matter haloes and allows these spheres to merge into larger superbubbles. The number of voids that such ionized bubbles
would produce in Lyman-α absorption spectra of background quasars is predicted. D’Aloisio & Furlanetto (2007) present
analytic estimates of galaxy void sizes at redshifts z ∼ 5 − 10 using the excursion set formalism. Another interesting study
on void excursions addresses the issue of void formation in modified gravity models. Some of these involve a scalar field
that couples to matter and introduces a fifth force. This force leads to a universal enhancement of gravity (Farrar & Peebles
2004; Gubser & Peebles 2004b,a), (Farrar & Rosen 2007; Brookfield et al. 2008; Hellwing & Juszkiewicz 2009; Clampitt et al.
2012). Clampitt et al. (2012) investigate the fifth force in voids in chameleon models by using void statistics based on the
excursion set formalism. They point out that driven by the outward pointing fifth force, individual voids in chameleon models
expand faster and grow larger than voids in the ΛCDM Universe.
In this study, a model is formulated to construct a merger tree formalism consisting of collapse and merging processes
as an extension of the growing void merging tree of Russell (2013) by treating the void in cloud problem. In this model, the
size of voids by using recent void catalogs is defined and a void merging tree formalism is obtained taking into account the
merging process of void populations as well as the collapse process. To do this, the Lacey and Cole’s merging tree algorithm
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(Lacey & Cole 1993) of dark matter haloes in the EdS universe for spherical voids is adopted. Since the Lacey and Cole’s
merging tree algorithm (Lacey & Cole 1993) of dark matter haloes provides an approximated dark matter solutions, in this
study we only focus on the self-similar spectra to construct a void merging algorithm. As a result, the new void merging tree
algorithm is extended to the two-barrier excursion set formalism in order to describe void merging and collapse in one model
in the self-similar models.
2 COSMOLOGY
In this section, the normalization of the cosmological models is explained. These models are used in the two-barrier excursion
set to obtain the quantities used for the void merging tree. Here, the power law power spectra are taken into account with
different spectral index and these spectra are approximated to a favoured ΛCDM by following Sheth & van de Weygaert
(2004). The normalization of the spectra in the self-similar models is relatively easier to calculate given the form of the power
spectrum,
P (k) ≈ kn, (1)
where n refers to the spectral index or the slope of the power spectrum. The variance of the self-similar spectra as a function
of mass, volume and size is given by,
σ2(M) = S(M) = δ2v
(
M
M∗
)
−α
= δ2v
(
V
V∗
)
−α
= δ2v
(
R
R∗
)
−3α
, (2)
in which α is defined as (n + 3)/3. Here, M∗, V∗ and R∗ are the characteristic mass, volume and radius. The characteristic
mass of the self-similar spectra is given by,
M∗(z) =
(
σ8
|δv|
)6/n+3
. (3)
To normalize the self-similar power spectra, the mass function in mass variance in equation (2) is chosen as M =M∗. Hence,
the characteristic mass variance is equal to the linear underdensity σ2(M∗) ∼ |δv |. By following this definition of characteristic
mass in equation (2), the comoving radius R of a void region for self-similar models is given by Sheth & van de Weygaert
(2004),
R = R∗
(
σ8
|δv |
)2/n+3
. (4)
Note that in our calculations, the characteristic void size is chosen as R∗ = 8 h
−1Mpc in the self-similar models. This allows
us to fix the variance σ at the scale M =M∗. Then, the void excursion set of the toy models is obtained in terms of physical
scales.
In this study, spherical contraction and expansion representing the collapse and merging void processes are taken into
account. These dynamical processes are described with respect to linear theory. According to linear theory, an object of linear
density δ will collapse or shellcross at redshift z when its value dominates δc(z) or δv(z),
δc(z) =
δc(0)
D(z)
= δc(0) (1 + z) (5)
δv(z) =
|δv(0)|
D(z)
= |δv(0)| (1 + z) , (6)
where δc(z = 0) = 1.686 and δv(z = 0) = −2.81 are the linearly extrapolated densities in the linear regime. Note that the
growth factor D(z) encapsulates the geometry of the collapsing/expanding objects to denote the linear density perturbation.
The growth factor normalized to the present-day Universe D(z = 0) = 1. In linear theory, the growth factor D(z) has the
same form for overdense and underdense regions, which is D(z) = 1/ (1 + z) in the EdS Universe. Here, by taking into account
the fact that the shellcrossing and collapse barriers are only redshift dependent in the EdS Universe as defined in equations
(5) and (6), the linear densities are used as time variables following the algorithm of Lacey & Cole (1993).
3 TWO BARRIER EPS FORMALISM
The analytical evaluation of the two-barrier random walk problem takes into account a distribution function fv(M) on a mass
scale M (Sheth & van de Weygaert 2004),
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fv(M)dM ≈ 1√
2pi
νv
σ2
exp
[
−ν
2
v
2
]
exp
[
−|δv|
δc
Υ2
4ν2v
− 2Υ
4
ν4v
]
dM, (7)
corresponding to a fractional underdensity function νv(M) which is defined as,
νv(M) ≡ δv
σ(M)
=
δv√
S
, (8)
where δv is the void threshold density, the mass variance function is σ(M) and the mass scale function is S. In equation (7)
Υ is the void and cloud parameter. It is defined as,
Υ ≡ |δv|
(δc + |δv|) . (9)
The void and cloud parameter Υ has a key importance, since it shows the effect of the overdense regions/haloes on the void
population. Therefore, the mass fraction equation (7) represents the hierarchical evolution of voids that are dominated by two
different behaviors: merging or collapsing. These two behaviors are represented by two barriers in the excursion set formalism;
the merging barrier is defined by the linear collapse δc and shellcrossing δv densities. Since void and cloud parameter Υ is a
time-dependent function and consists of the ratio of the barriers, it is rearranged as,
Υ =
1
γ(zc, zv) + 1
, γ(zc, zv) ≡ δc(zc)|δv(zv)| , γ(zc, zv) =
δc0
|δv0|
1 + zc
1 + zv
, (10)
and a new parameter γ is defined which is the barrier ratio δc/|δv |. For a given collapse redshift zc when collapse happens and
a shell crossing redshift zv when merging occurs, the parameter γ becomes constant. Note that the mass fraction function can
be transformed into mass, volume or size scales by following Sheth & van de Weygaert (2004),
fv(S)dS ∝ fv(M)dM = fv(V )dV ∝ fv(R)dR.
This leads us to construct void evolution in terms of volume S(V ) and size scales S(R) implicitly. Considering this and
substituting the barrier ratio by using equation (10) in the two-barrier mass distribution equation (7), the distribution
function is obtained in terms of volume/size scale as follows,
fv(S)dS ≈ 1√
2pi
δv
S3/2
exp
(
− δ
2
v
2S
)
exp
(
−1
4
1
γ
1
(1 + γ)2
S
δ2v
− 2 1
(1 + γ)4
S2
δ4v
)
dS. (11)
The volume/size distribution equation (11) shows the hierarchical evolution of voids that are dominated by two processes;
merging and collapsing in terms of the EPS formalism. Fig. 1 illustrates the two main void processes in the context of the
EPS formalism. As is seen from the figure, a spherical void with volume scale S1 = S(V1) starts its evolution at barrier δv1
and its volume grows due to a merging event when the random walk of the density function crosses a new barrier δv2 with
volume scale S2 = S(V2) (V2 > V1). At this point, the void processes are classified into two main groups. The first one is the
void merging/growing gradually. According to this, there are two possible scenarios to explain a gradual merging event: i) if
a void is not embedded in an overdense region, it will merge gradually (lower red line in Fig. 1), or an embedded void is large
enough that it is not affected by collapse regions. This indicates that in the context of the two-barrier formalism, the collapse
barrier is larger than the shell crossing barrier (δc ≫ δv, which leads to the collapse barrier moving to δc → ∞) (upper red
line in Fig. 1). In Fig. 1, the second void process is void collapse. The random walk of voids that are of a relatively small size
compared to their large volume counterparts, merge until reaching the collapse barrier δc and when they reach this barrier
they are squeezed at overdense boundaries and collapse under gravitational collapse (black lines).
These two evolutionary paths can be described in terms of the barrier ratio or void in cloud parameter since these
parameters have the key importance of indicating which process is dominant over the other one. When the value of the
overdense barrier δc becomes higher than the underdense barrier δc ≫ δv or δc →∞, the barrier ratio becomes infinite, which
makes the void and cloud parameter zero, Υ→ 0. Due to this fact, the second exponential term in equation (11) disappears.
This means that the contribution of embedded/minor voids in the distribution equation (11) is unimportant. At this limit, the
two-barrier distribution reduces to a single barrier at δv and then the abundance of voids is given by the void in void process
which is analogous to the cloud in cloud process (Sheth & van de Weygaert 2004; D’Amico et al. 2011; Russell 2013). Fig. 2
shows the distribution function of the scaled density with respect to different barrier ratio parameters γ. As is seen for larger
values γ ≫ 0.5, the mass fraction function approach to the void in void problem of the one-barrier excursion set, indicates a
gradually merging void process. However the void distribution function with the barrier ratio γ 6 0.5 has more contributions
from the embedded voids, which leads to the void in cloud problem. In this case, the distribution function shows two cut-offs
at small and large fractional underdensities ν, in other words at small and large void volumes, indicating embedded voids
are unlikely to have volumes larger or smaller than these cut-off values. Sheth & van de Weygaert (2004) point out that the
distribution function is well peaked around v ∼ 1 (σ ∼ |δv|) for the barrier ratio γ > 0.25. They also mention that the
distribution function is not correct for the barrier ratio γ 6 0.25.
c© 2013 RAS, MNRAS 000, 1–26
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Figure 1. Illustration of the excursion set theory formalism representing two important void processes in terms of volume scales and
two barriers; collapse δc and shellcrossing δv . The void merging and collapse processes are indicated by red and black lines.
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Figure 2. The scaled fraction of the void population in terms of different barrier ratios γ. When the ratio increases δc ≫ δv, the
distribution turns into the void in void distribution (most upper line) in the limit of γ = 10. When the ratio value reaches γ = 0.5 or
higher values than this, the distribution is well peaked around the characteristic mass ν = 1 (σ = |δv|).
These basic descriptions and formulations frame the centre of this paper. Here, the main goal is to construct a void merging
algorithm that takes into account the two void processes into one hierarchical model by using the two-barrier volume/size
distribution function of Sheth & van de Weygaert (2004) based on the excursion set formalism.
Before giving the details of the void merging algorithm based on the two-barrier excursion set, it is crucial to treat the
void in cloud problem in the context of excursion set theory. The problem of the void in void process is based on the derivation
of the EPS formalism. The EPS formalism is a random walk (Brownian motion) excursion process that is conditioned to be
positive δ > 0 in terms of increasing scales S. Here, a problem arises in the void in cloud process, in that random trajectories of
this process change from positive δ > 0 to negative δ < 0 values with increasing scales S. In other words, random trajectories
of a void in cloud process make their first crossing at a negative barrier, then by crossing δ = 0, reach the positive collapse
barrier (see void collapse random walk in Fig.1).
c© 2013 RAS, MNRAS 000, 1–26
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In the following subsection, a simple method is introduced based on the idea of constructing a sequence of random walks
converging almost entirely to a Brownian motion (Marchal 2003). This simple method allows us to treat the complex evolution
of the void processes in the EPS theory based on the scaled void distribution function.
3.1 Method to Treat Void in Cloud Problem
Here, the definition of Brownian motion and its classification are briefly introduced. Then, the interpretation of this classi-
fication is shown in terms of the EPS formalism. After defining the random walk property of the void in cloud, the details
of the method and then application of this simple method to the two-barrier void distribution are given in order to obtain a
merging algorithm of void populations based on the halo merging algorithm of (Lacey & Cole 1993, hereafter LC93).
Press & Schechter (1974) derive an analytical formalism to infer the number density of collapsed objects at a given
redshift and mass interval based on combining Gaussian statistics of the linearly extrapolated density field with the non-linear
evolution described by the spherical model. However, their formalism indicates a problem that is named as the cloud in cloud
problem since they did not take into account low density areas representing small embedded structures. Bond et al. (1991)
propose a solution to this problem by taking into account the probability that a subsequent filtering of larger scales results
in having linear density contrast larger than the collapse barrier δ > δc at some point. Bond et al. (1991) identify the mass
fraction of matter in virilized objects with mass greater than M in which the initial density contrast lies above a critical
overdensity when smoothed on some filter of radius greater than or equal to Rf (M). The mass density function is then given
by the rate of first upcrossing of the critical overdensity level as one decreases Rf at a constant position R (Bond et al. 1991).
The shape of the mass function depends on the choice of filter function. The simplest case is sharp-k space filtering, in which
the field performs a Brownian random walk as each increment to δ(S) when S is increased, which comes from a new set of
Fourier modes in a thin spherical shell in k-space. Thus for a Gaussian random field it is not correlated with any of these
previous steps. As a consequence of this, these trajectories δ(S) are governed by a simple diffusion equation in which δ(S)
increases with S.
3.2 Brownian Random Walk Characteristics
Here, the definition and properties of a Brownian random walk are given in terms of the EPS formalism:
Definition: A standard (1-dimensional) Brownian motion with respect to a filtration Rf is a collection of random
variables δ(S), S > 0 satisfying the following (Pitman 1999):
• δ(S = 0) = 0;
• if S′ < S, then δ(S) − δ(S′) is a measurable random variable, independent of the previous increment, with a Gaussian
distribution;
• with probability one, S 7→ δ(S) is a continuous function.
There are three characteristics of the Brownian random walk; bridge, excursion and meander:
Theorem: There exists a family of random walks in the interval [0, S] where all numbers in the interval are integers for
every S (Marchal 2003):
(i) a Brownian bridge is defined as a random walk of cumulative density contrast δ(S) which has length S and is conditioned
to return to 0 at scale S in the interval (Fig. 3). In the EPS formalism, a Brownian bridge can be described as minima of the
excursion characteristic with negative barriers which form underdense regions.
(ii) a Brownian excursion is defined as a cumulative random walk of density contrast, δ(S) which has length S and is
conditioned to stay positive in the interval (Fig. 3).
(iii) a Brownian meander is defined as a cumulative random walk of density contrast, δ(S) which has length < S and δ(S)
is conditioned to stay positive in the interval (Fig. 3). In the EPS formalism, meander represents local maxima with positive
barriers in a Brownian excursion, indicating collapse regions.
In the context of the EPS/excursion set theory, the cloud in cloud problem can be related to the excursion characteristic of
the Brownian random walk, while the void in cloud problem admits the combination of two characteristics of the Brownian
random walk, that of a meander with a positive barrier, indicating a collapse region, and a bridge with a negative barrier,
indicating a merging region.
These definitions of the conditioned Brownian motions have been rigorous in many ways (Vervaat 1979; Fitzsimmons et al.
1993; Pitman 1999; Marchal 2003). There is a simple and an effective method developed by Marchal (2003) that allows one
to transform a negative definite bridge into a positive definite meander/excursion. Recall that there is a bijection between
the bridge and the meander. To construct a meander/excursion of length 2S +1 from a bridge of length 2S, one must replace
each negative excursion of the bridge by its symmetric positive excursion and replace the last negative step of this symmetric
positive excursion by a positive step. Finally a first positive step must be added to the whole path (barrier uplifting) (Fig. 4).
c© 2013 RAS, MNRAS 000, 1–26
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Figure 3. Three characteristics of the Brownian random walk: excursion, meander (upper) and bridge (lower). (Upper) The excursion
characteristic of Brownian motion is a positive definite random walk. It is shown in red and it increases in each increment δ(S1) <
δ(S1 − S2). Meander is always a positive definite local maximum in the positive definite excursion. However a Brownian bridge has
negative values (δ(S) < 0) for positive definite steps (S > 0). (Lower) Brownian bridges are defined as minima in a Brownian random
walk. Note that the excursion characteristic of random walks can be described as a positive definite bridge.
3.3 Void in Cloud Problem: From Bridge to Excursion
Following the definitions of the Brownian characteristics of the random walk and the method to obtain a positive definite
excursion, here a simple treatment to the void in cloud random walk is defined and discussed to describe it in terms of the
EPS formalism.
As mentioned before, the void in cloud random walk has one negative signed deep bridge on large volume scales (see
panel A in Fig. 5) with a negative barrier (δv) and one positive signed meander (or excursion) on the small mass scales with a
positive barrier δc. Note that as of now, the volume distribution function is adopted in terms of volume scale S(V ) to describe
volume evolution in the context of void hierarchy. The distribution of the void population is given by Sheth & van de Weygaert
(2004) as follows,
fvdS ≈ 1√
2pi
δv
S2/3
exp
[
− δ
2
v
2S
]
exp

− δv
δc
S
4δ2v
(
δc
δv
+ 1
)2 − 2 S2
δ4v
(
δc
δv
+ 1
)4

 dS. (12)
Here, this distribution function is taken with a partially negative random walk and makes this a complete positive excursion
without changing its probability distribution. To do this by following the remark of Theorem, each excursion of the whole
c© 2013 RAS, MNRAS 000, 1–26
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Figure 4. Method of transforming a bridge to a meander. There is bijection (one to one correspondence) between the negative valued
walk (bridge) and the positive valued local maxima (meander) characteristics of Brownian random walks. To obtain a positive valued
meander/excursion of certain length from a bridge, one needs to replace each negative excursion (barrier) of the bridge by its symmetric
positive excursion. Then, the last negative step of this symmetric positive excursion should be replaced by a positive step. The final step
is to add the first positive step to the whole path (Marchal 2003).
Figure 5. Steps of constructing excursion with positive barriers from the void in cloud random walk with a negative definite bridge
characteristic.
walk is replaced by their symmetric excursion. This happens by taking the mirror of the distribution around the x-axis (S)
(see B in Fig. 5). However here there is still a negative bridge crossing the negative collapse barrier which is not allowed in
the EPS formalism. To solve this problem, the barriers are shifted up by 2δc with an accompanying shift in the probability
distribution (see C-D in Fig. 5). Then, none of the barriers have a negative value and the resulting distribution function is
given by,
c© 2013 RAS, MNRAS 000, 1–26
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Figure 6. Excursion set interpretation of the void in cloud process. A given trajectory δ(S) describes the history of an embedded/minor
void that starts merging with volume scale S1 = S(V1) at shell crossing/merging barrier δ˜v and later on collapses at barrier δc corre-
sponding volume scale S2.
fvdS ≈ 1√
2pi
|δ˜v|
S2/3
exp
[
− δ˜
2
v
2S
]
exp
[
− 1
γ˜
1
(γ˜ + 1)2
S
4δ˜2v
− 2 S
2
δ˜4v (γ˜ + 1)
4
]
dS, (13)
where a new barrier δ˜v is defined. This new barrier is given by,
δ˜v ≡ |δv |+ 2δc, (14)
while the new barrier height ratio γ˜ is defined as,
γ˜ ≡ δc|δ˜v |
. (15)
Hereafter the new barrier ratio is called the parametrized barrier ratio. Therefore, a positive excursion random walk (Brownian
random walk) of the void evolution is obtained. This allows us to form the void mass/volume scale function that mimics the
excursion set formalism of haloes. By applying this method which constructs an excursion set from a negative defined bridge:
(i) The distance between the barriers is not changed (see Fig. 4). In addition to this, the scales where the random walk
meets the barriers is not changed either. The only change is that the distribution with negative barriers becomes a completely
positive Brownian random walk, like the excursion set formalism (see Bond et al. 1991).
(ii) Since the distance of the barriers and the volume scales where the trajectories make their first upcrossing are not
changed by the barrier shifting up process, the probability distribution does not change. This allows us to use the two-barrier
fraction function given by Sheth & van de Weygaert (2004).
Now the questions are: how can we obtain a merger tree algorithm from this distribution, and what is the physical interpretation
of this distribution from the void perspective?
Fig. 6 shows the random walk of the void in cloud which is converted into a positive excursion set by following the
method, that is introduced above. This method has a key role since it allows one to treat the random walk of the void in
cloud as a cloud in cloud random walk. As a result, in Fig. 6, a given trajectory δ(S) describes the merging history for a given
void which starts its evolution with volume scale S1 at barrier δ˜v, and later it will merge into other voids with larger volume
at smaller barrier values < δ˜v and eventually will collapse at barrier δc corresponding to volume scale S2. Note that in Fig.
6, the random walk makes horizontal jumps when S decreases. These jumps correspond to sudden jumps in the volume of
the void. The small steps in between two barriers correspond to adding only a small amount of volume to the void. These
events are called void absorption events, since bigger voids absorb small ones. Note that after several merges with other voids,
the void will reach the end of its lifetime when its random walk crosses the collapse barrier δc. This means that the collapse
barrier represents the end of void merging events.
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3.4 Redshift and Size Constraints on Voids
The parameters γ and γ˜ are defined as the ratio of the collapse and underdense barriers of the random walks,
γ =
δc
|δv | and γ˜ ≡
δc
δ˜v
=
δc
|δv|+ 2δc . (16)
The relation between the barrier ratios is given by,
γ˜ =
γ
2γ + 1
. (17)
The backbone of the constraints of the extended void merging tree is formed by the fact that the earliest merging barrier δv
must be bigger than the 2δc in order to obtain a merging event and at the end of the excursion process the walk will cross
the collapse barrier,
δ˜v = |δv |+ 2δc and δ˜v > |δv | > 2δc. (18)
Note that δ˜v stands for the first merging event with the biggest volume scale S(V1) indicating a void with smallest volume
in the EPS formalism. Taking into account |δv | > 2δc, it is possible to obtain relations between merging zv and collapse zc
redshifts,
zv > 2
δc0
δv0
(1 + zc)− 1. (19)
In this study, in all calculations for plots, the collapse redshift is chosen as present-day redshift zc = 0. As a result, for this
collapse redshift zc = 0, a lower limit of merging redshift is obtained as zv > 0.2. The condition (18) puts a constraint on the
barrier ratio γ as γ < 0.5.
Another constraint on the barrier ratio γ resulting from the merging redshift comes from the theoretical study of
Sheth & van de Weygaert (2004). In their study, Sheth & van de Weygaert (2004) point out that two barrier mass fraction
function (7) is accurate for values of γ > 1/4. This allows us to obtain an upper merging redshift value as zv 6 1.4. Hence,
the constraints on the barrier ratio and the merging redshift are given as,
0.25 6 γ < 0.5 and 0.2 < zv 6 1.4 at zc = 0. (20)
One may show that,
γ˜ =
γ
2
, (21)
by using the relation between γ and γ˜ (17) in the limit of |δv| tends to 2δc (γ → 0.5). As a consequence of this relation, the
interval of the parametrized barrier height ratio γ˜ can be obtained as,
0.125 6 γ˜ < 0.25. (22)
In addition to this, from the relations (16) and (17), it is obtained that when the collapse barrier is moved towards infinity
δc → ∞, γ tends to infinity. As a result, from the relation (11), the new barrier ratio becomes γ˜ > 0.5. Therefore, the
distribution turns into the one-barrier distribution of the void in void problem in Fig. 2. Based on this, two different void
behaviors are modelled by the following constraints:
(i) Void collapse: Contribution of the small voids into the distribution is dominant: ”Voids are squeezed”,
0.125 6 γ˜ < 0.25, and 0.2 < zv 6 1.4 forzc = 0. (23)
(ii) Void merging: When the ratio of collapse and merging barriers is high, δc ≫ |δv |, the new barrier height parameter
becomes γ˜ ≫ 0.5. The two-barrier excursion set theory is reduced to the one-barrier void in void problem. Therefore, voids
do not vanish due to collapsed regions where they are embedded and their evolution is dominated only by merging events
(Russell 2013).
An important result on the void volume scale is given by Sheth & van de Weygaert (2004). This criterion is based on the
statement that there are no large scale voids embedded in large scale haloes, on the scales where,
σ ≪ (δc + |δv|) , (24)
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Figure 7. Subset of trajectories making their first upcrossing of a barrier δc at S2 and then continue until crossing a second barrier
δ˜v at various scales S1 > S2. These trajectories represent voids which at the time corresponding to δ˜v have volumes corresponding to
S1(V ), which by the later time correspond to the scale δc at volume scale S2(V ) where they will vanish due to collapse.
and the collapse barrier δc does not have any effect on the void population. If this statement is rearranged in terms of the
void size, a size criterion on void sizes that do not feel the environmental effects can be obtained as,
R≫ R∗ (γ + 1)−
2
n+3 , γ > 0.5, (25)
where the characteristic radius R∗ is chosen as R∗ = 8 h
−1Mpc. This size criterion leads to a rough classification between
void sizes. Some voids are embedded in the overdense regions and eventually collapse (with 0.25 6 γ < 0.5 or 0.125 6 γ˜ < 0.25)
while other voids that satisfy this size criterion and expand, merge continuously (γ > 0.5 or γ˜ > 0.25). In the limit of the
above redshift and the size criterion their EPS formalism should satisfy the one-barrier EPS formalism of the growing voids
(Russell 2013). In a way, the last case is just a theoretical statement since it is not possible for some voids to merge and
expand forever.
In the following section, the evolutionary paths of these two void groups are investigated in terms of the EPS formalism
by adapting the LC93 merging tree algorithm.
4 MERGING TREE ALGORITHM OF GROWING AND EMBEDDED/MINOR VOIDS
Here, the aim is to determine the merger probability per unit time for a void of a given volume and time. Therefore the subset
of trajectories is considered, depicted in Fig. 7. These trajectories make their first upcrossing of a barrier δc at S2 and then
continue until they eventually cross a second barrier of height δ˜v at various scales S1 > S2.
From the point of merging history of voids, these trajectories represent voids which at the time corresponding to δ˜v have
relatively large volume scales S1s. Later on, these trajectories cross the collapse barrier δc where voids die after several times
merging. Note that in between the first merging barrier and the last collapse barrier, many merging barriers can be replaced
as long as the last barrier is the collapse one, δc.
The scale fraction function derived in equation (13) is,
fvdS ≈ 1√
2pi
δ˜v
S2/3
exp
[
− δ˜
2
v
2S
]
exp
[
− 1
γ˜
1
(γ˜ + 1)2
S
4δ˜2v
− 2 S
2
δ˜4v (γ˜ + 1)
4
]
dS.
The conditional probability fS1(S1, δ˜v
∣∣S2, δc)dS1 in which one of these trajectories makes its first upcrossing at δ˜v in the
interval S1 + dS1 can be obtained directly from equation (13) but with a difference that the source of the trajectories moved
from the origin to the point (S2, δc) (by following the algorithm derived by LC93). Then, the conditional probability density
of a void whose trajectory is in the interval S1 + dS1 making its first up crossing at δ˜v which collapses at the point (S2, δc) is,
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fS1(S1, δ˜v
∣∣S2, δc)dS1 = 1√
2pi
δ˜v − δc
(S1 − S2)3/2
exp

−
(
δ˜v − δc
)2
2 (S1 − S2)

 exp

−1
4
1
γ˜
1
(1 + γ˜)2
S1 − S2(
δ˜v − δc
)2


exp

−2 1
(1 + γ˜)4
(S1 − S2)2(
δ˜v − δc
)4

 dS1. (26)
Here, δ˜v > δc (≈ zv > zc) and the volume scale is S1 > S2. Note that high volume scale indicates small size radius. Hence,
the void size fraction derived from equation (26) for the self-similar models becomes,
fR1(R1, δ˜v
∣∣R2, δc)dR1 = 3α√
2pi
δ˜2v
R∗
(
R1
R∗
)
−3α−1 δ˜v − δc(
δ˜2v
(
R1
R∗
)
−3α − δ2c
(
R2
R∗
)
−3α
)3/2 exp

 −
(
δ˜v − δc
)2
2
(
δ˜2v
(
R1
R∗
)
−3α − δ2c
(
R2
R∗
)
−3α
)


× exp

−14 1γ˜ 1(1 + γ˜)2
(
δ˜2v
(
R1
R∗
)
−3α − δ2c
(
R2
R∗
)
−3α
)
(
δ˜v − δc
)2

 exp

−2 1(1 + γ˜)4
((
δ˜2v
(
R1
R∗
)
−3α − δ2c
(
R2
R∗
)
−3α
))2
(
δ˜v − δc
)4

 dR1. (27)
Depending on the value of the barrier ratio, equation (27) displays the size distribution of the embedded voids in one formula
for the self-similar models. Fig. 8 shows embedded void size distributions for self-similar (n = 0, −1, −1.5, −2) respectively
at given redshift zv values satisfying the constraint equalities (23) at collapse redshift zc = 0. Note that, in all models, the
collapse redshift is chosen as zc = 0 when minor voids collapse and vanish after merging at a given redshift zv. In Fig. 8, the
peak of a size distribution at a given redshift indicates a specific size. Embedded/minor voids with this size value dominate
the distribution at a given redshift. In all self-similar models peaks of the size distributions slightly move towards smaller sizes
with increasing redshift zv. This result may indicate that there are more smaller minor voids and they fill the Universe at
high redshifts. This is what it is expected from the bottom-up hierarchical scenarios that small size voids merge together and
construct larger size voids. In addition, in the self-similar models, the peaks of the size distribution decrease with decreasing
spectral index while the size range of minor voids increases drastically when the spectral index decreases. For example, the
size distribution fR1 in the model with spectral index n = −2 at redshift z = 0.3 shows 6 − 166 h−1Mpc void size range
while one with spectral index n = 0 at the same redshift has 7− 25 h−1Mpc size range. Note that decreasing spectral index
corresponds to an increase in hierarchical clustering. Therefore, one may say that the probability of detecting an embedded
void with size 50 h−1Mpc is most likely in the model with spectral index n = −2 than in the self-similar model with index
n = 0. On the other hand, in all models, size distribution shows two cutoffs corresponding to the smallest and the largest size
values at a given redshift zv. As is seen in Fig. 8, these cutoff values have the smallest probability values. While the small
cutoff becomes smaller, the big cutoff moves towards higher values by decreasing spectral index for a given redshift zv. This
behavior indicates that the probability of seeing the largest and smallest size embedded voids at a given redshift and a given
model is unlikely.
In Fig. 9, the growing void distributions are plotted from minor void size distribution equation (27) by choosing δc ≫ δv
(void in void limit). In this limit, embedded/minor voids are not affected by their surroundings. Therefore they merge
continuously. As is seen in Fig. 9, differing from the embedded/minor voids, the growing embedded void probability does not
show the same feature as the minor void distribution. Instead, maxima in the growing embedded void distribution increase
with decreasing spectral index (from n = 0 to n = −2) towards small size voids. This behavior is consistent with the one-
barrier EPS formalism of growing voids constructed by Russell (2013). However, like the minor void case, the maxima in
the size distribution increase with increasing redshift value. In Fig. 9, the vertical line at 5 h−1Mpc stands for the limit of
non-linear effects. Both void populations with sizes smaller than 5 h−1Mpc are highly effected by non-linear effects. Therefore
they tend to have deformed or elliptical shapes. Note that in this study, the spherical void merging tree model is investigated.
As a result, non-linear effects are neglected in the extended void merging algorithm when they are smaller than the 5 h−1Mpc
limit. On the other hand, in Fig. 8, the size distribution of embedded voids in all self-similar models does not present void
sizes smaller than this limit value. Therefore, the extended void size distribution based on the two-barrier EPS formalism is
free of non-linear effects.
To clarify the similarities and differences between minor and growing void size distributions that are derived from equation
(27), in Fig. 10, the size distribution equation (27) is displayed for embedded/minor voids with the barrier ratio γ = 0.3
(γ˜ = 0.15) (left) and growing voids with γ ≫ 0.5 (γ˜ ≫ 0.25) (right) for self-similar with index n = 0, −1, −1.5, −2 models are
presented. According to this, the size distribution equation (27) of embedded/minor and embedded/growing voids indicate
a broad range in void sizes with decreasing spectral index. Generally speaking, the distribution of minor and growing voids
decreases with decreasing spectral index. Embedded/minor void distributions show two cut-offs at very small and large sizes,
while growing void population distributions indicate one cut-off at the largest sizes. In addition, in the growing void population,
the smallest size voids show the highest distributions. Taking into account that decreasing spectral index indicates hierarchical
clustering, obtaining larger size embedded voids in the self-similar models with smaller spectral index is expected. Therefore,
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Figure 8. Size distribution of voids embedded in overdense regions at given redshift zv in terms of R1 [h−1Mpc] for the self-similar
n = 0, −1, −1.5, −2 at redshifts zv = 0.3, 0.5, 0.7, 0.9, 1.1, 1.3. Later on voids with size R1 at redshift zv will double their size, R2 = 2R1
at collapse redshift zc = 0 when they will vanish due to the presence of a collapse region.
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Figure 9. Size distributions of embedded growing voids. These voids are not affected by collapse regions at given redshifts zv = 0.3, 0.7, 1.1
for self-similar models n = 0,−2. In the models, the collapse barrier is inserted at very high redshift satisfying zc ≫ zv, corresponding
to the relation δc ≫ δv. The vertical line at size 5 h−1Mpc represents the limit of non-linearity corresponding to voids smaller than this
size indicating non-linearity effects.
even though very large and small embedded voids are possible to be seen in the embedded void population, they are rare
compared to the embedded voids that form the peaks of the distributions. On the other hand, the growing void population
retains numerous small voids while large voids are less numerous.
As was pointed out before, the barrier height ratio has the key importance of defining hierarchical evolution of the void
population by making a significant difference between minor and growing voids in the two-barrier excursion set. The barrier
ratio dependence of the size probability distribution function (26) is shown in Fig. 11. The vertical line displayed in all panels
is presented, with size R1 = 5 h
−1Mpc. Voids with sizes smaller than this value may show non-linear effects. In this study the
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Figure 10. Size distribution of embedded/minor voids γ˜ = 0.15 (or γ = 0.3) (left) and growing voids with the barrier ratio γ˜ ≫ 0.25
(right) from equation (27) in terms of self-similar with spectral index n = 0, −1, −1.5, −2 models. In all models merging redshift is
chosen as zv = 0.3 for minor voids while the collapse redshift is moved towards late redshift zc >> zv = 0.3. The vertical line corresponds
to 5 h−1Mpc size limit of non-linearity. Evolution of voids that are smaller than this size is formed by non-linearity effects.
non-linear effects are not considered. That is why voids with size R1 > 5 h
−1Mpc are considered. In addition, in all panels,
the void in void size distribution is inserted to show how the value of the barrier ratio affects the size distribution.
In Fig. 11, in the upper panels, growing void size distribution is presented for self-similar models with index n = 0
and n = −2. In both upper panels, the barrier ratio is chosen as γ > 0.5 and zc ≫ zv. When the barrier height ratio
increases, the conditional size distribution starts behaving like the size distribution of growing voids that are not affected
by their environments as much as minor voids are. Particularly, when barrier ratio reaches large values γ = 100 indicating
that collapse barrier is very large compared to merging barrier δc ≫ δv (zc ≫ zv). As a result, placing merging barrier δc at
very large redshift values, it is ensured that the distribution function becomes dominated by only merging events. Therefore,
contribution of minor voids can be negligible in the size distribution. In the lower panels of Fig. 11, the minor void size
distribution is displayed for the same models as in the upper panels. In the case of the minor void population size distribution,
the barrier ratio is chosen as γ < 0.5 and zc = 0 and zv = 0.3. In minor and growing void size distributions, the peaks
shift to small sizes when the barrier height ratio increases. While this shifting peak behavior is not striking for minor voids
with γ < 0.5, for growing voids with increasing barrier ratio γ > 0.5 the shifting behavior becomes prominent. Also, peaks
become flattened with increasing barrier height ratios. Therefore, there is a large diversity of sizes for growing voids. The
peaks become flatter when the barrier ratio approaches the one-barrier δ˜v (δc ≫ δ˜v). Therefore, the distribution turns into
the ”void in void” one.
Another probability density function that can be derived from the random walks is the probability of a trajectory first
up crossing δc then δ˜v at S1,
fS2(S2, δc
∣∣S1, δ˜v)dS2 = 1√
2pi
δc
(
δ˜v − δc
)
δ˜v
[
S1
S2 (S1 − S2)
]3/2
exp

−
(
δcS1 − δ˜vS2
)2
2S1S2 (S1 − S2)


× exp

−1
4
1
γ˜
1
(1 + γ˜)2

 S1 − S2(
δ˜v − δc
)2 + S2δ2c −
S1
δ˜2v



 exp

−2 1
(1 + γ˜)4

 (S1 − S2)2(
δ˜v − δc
)4 + S22δ4c −
S21
δ˜4v



 dS2.(28)
This helps one to obtain merging rates of the two types of void processes. To do this, first the mean transition rate is derived
by taking the limit δc → δ˜v,
lim
δc→δ˜v
d2fS2(S2, δc
∣∣S1, δ˜v)dS2
dS2dδ
≡ lim
δc→δ˜v
d2p
dS2dδ
, (29)
in which the functional p is p ≡ fS2(S2, δc
∣∣S1, δ˜v)dS2. This limit leads to a distribution function being obtained which
changes in terms of barrier steps dδ = δ˜v − δc and as a result of the limit δc → δ˜v corresponding to going back in time to
obtain merging events, in equation (28) the last two exponentials indicating the tail of the faction disappear. Therefore, the
distribution function is reduced to the following form,
d2p
dS2dδ˜v
(
S1 → S2, δ˜v
)
=
1√
2pi
[
S1
S2 (S1 − S2)
]3/2
exp
[
− δ˜
2
v
2
(S1 − S2)
S1S2
]
dS2dδ. (30)
Equation (30) is used by LC93 for overdense haloes in order to derive the merging rates of haloes and by Russell (2013)
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Figure 11. The barrier ratio dependence of the size distribution of growing (upper) and minor (lower) voids in the two-barrier EPS
formalism for self-similar models with index n = 0 and −2. The two-barrier growing void size distribution is presented for the barrier
ratio γ > 0.5 and then zc ≫ zv = 0.3 while the barrier ratio dependence of the size distribution of minor voids is displayed by choosing
γ < 0.5, zv = 0.3 and zc = 0.
for gradually merging voids. Note that equation (30) is the same as the form of the one-barrier void merging distribution of
Russell (2013). The only difference comes from the behaviors of the barriers; while one of the barriers is the collapse barrier
δc instead of a second void merging barrier δ˜v2 . Equation (30) also can be interpreted as one or more merging void event(s)
depending on expansion/underdense δ˜v and collapse/overdense δc barriers. While any finite interval of ∆δ = δ˜v − δc at ∆S
shows the cumulative effect of more than one merger, an infinitesimal interval dδ at dS indicates a single void merger event.
Hence, equation (30) represents the probability of a void with volume scale S1 merging at later times with another void of
volume ∆V = V2 − V1. Thus the rate of merging, divided by the volume ∆V of the void that it is being merged with, is,
d2p
d ln∆V d ln t
(V1 → V2, |t) =
√
2
pi
∆V
V2
δ˜v(t)√
S2
∣∣∣∣d ln
√
S2
d lnV2
∣∣∣∣
∣∣∣∣d ln δ˜vd ln t
∣∣∣∣ 1
(1− S2/S1)3/2
exp
[
− δ˜
2
v
2
(
1
S2
− 1
S1
)]
. (31)
The merger rates of embedded/minor and growing voids are formulated by the same equation. Consequently, their merging
rates show the same behavior. Fig. 12 presents merger rates of embedded/minor voids of a given size in terms of self-similar
models. According to this, in Fig. 12 the merger rates of the self-similar models decrease with increasing spectral index.
This behavior is less prominent in voids with smaller size ratios R/R∗ 6 10h
−1Mpc than their large size counterparts
R/R∗ > 10 h
−1Mpc. Due to this result, large size voids contribute to the merging events more than smaller size voids.
5 TIMESCALES IN THE MERGING TREE ALGORITHM
In the following sections, survival and formation times of the two-barrier void hierarchy are defined and formulated. Recall
that here the linear over- and underdensities are used as time parameters following LC93. This is only allowed in the EdS
Universe since linearly extrapolated densities are constant and only time dependency comes from the linear growth factor Υ.
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Figure 12. The merger rates of voids given by equation (31) for the self-similar models with the index n = 0 and −2 in terms of different
radius ratios. They have the curve which is the highest on the left of each plot R1/R∗ = 40 and successive curves are R1/R∗ = 20, 10, 5.
5.1 Void Collapse and Failure Times
As is shown in the previous section, the merging rates of embedded voids have the same merging features as growing voids. The
question is: What is the main distinction of these populations if it is not their merging character? The answer is their survival
probabilities which form a separation between the two groups. Due to their environmental characteristics, it is expected that
their survival times should be different since one of the groups vanishes under its gravitational collapse and the other one
merges gradually. However in reality, before they collapse, we cannot really distinguish between them.
By following the definition of the survival time of growing voids by Russell (2013), the void survival time is defined as
the time δsurv when the volume gets doubled 2V due to merging. The survival probability function of a void succeeding to
merge and double in size, is given by,
P (S > S2, δv2 |S1, δv1)︸ ︷︷ ︸
probability of survival beyond S2
= 1− P (S < S2, δv2 |S1, δv1)︸ ︷︷ ︸
probability of a void failing before reaching S2
, (32)
where the survival probability distribution P (S > S2, δv2 |S1, δv1) varies between one and zero indicating survival and death
processes. Although the same survival profile from both void populations is expected, the survival probability of the void
population shows two different behaviors based on their survival size distribution, which is strongly related with their envi-
ronmental properties. For example for embedded voids, it is expected that the probability of a void failing before reaching
its double size should be related with the collapse event due to the presence of overdense regions in their environment. The
effect of gravitational collapse of overdense regions slows down the void merging process and forces the void evolution to
stop, or may even make them vanish. Here, these two different behaviors are obtained depending on the barrier ratios. As is
mentioned before, the value of the barrier ratio is the key element of the two-barrier excursion set since it makes a distinction
between merging and collapsing behaviors of the void population. In this sense, the barrier ratio γ˜ or γ can be considered as an
environmental indicator. When the ratio of the two barriers is higher than the value δc/δ˜v > 0.5, the collapse barrier becomes
larger δc ≫ δ˜v. As is known, this is the indication of gradual merging events (Sheth & van de Weygaert 2004; Russell 2013).
In the limit of γ˜ < 0.25 (or γ < 0.5), the two barriers get closer. Due to the collapse barrier, the merging event cannot be a
continuous event. By taking into account these two possibilities, here two survival probability functions of voids are obtained,
whereby they merge gradually and first they merge and later on collapse.
Survival probability of growing voids: The survival probability of voids that merge at the volume scale S2 and survive
and continue merging after this certain scale, is defined as the probability of a void making its transition from S < S2 to
S > S2 at barrier δ > δv2 and its explicit form given by Russell (2013),
P (S > S2, δv2 |S1, δv1 ) = 1−
∫ S2
0
fS2
(
S′2, δv2 |S1, δv1
)
dS′2
=
√
2
pi
δv1 − δv2
∣∣∣∣ δv2δv1
∣∣∣∣


√
S2
S1 (S1 − S2)
e
−
δ
2
v1
2
(
1
S1
−
1
S2
)
+
√
pi
2
1
δv1
(
δ2v1
S1
− 1
)
× erf
√
δ2v1
2
(
1
S1
− 1
S2
) .(33)
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Since the collapse barrier tends to be infinite, this implies the collapse event occurred in the past. Therefore, minor void
contribution to the survival probability becomes negligible. As a result, voids continue their merging behavior gradually.
Therefore, the two-barrier problem is reduced to a one-barrier problem and void evolution can be modelled with only one
type of barrier δv . It is also possible to derive the distribution of times (Russell 2013),
Fδv2 = −dδv2
(
∂P (S > S2, δv2 |S1, δv1)
∂δv2
)
= dδv2
(
∂P (S < S2, δv2 |S1, δv1)
∂δv2
)
=
√
2
pi
∣∣∣∣1− 2δv2δv1
∣∣∣∣
[√
S2
S1 (S1 − S2)e
−
δ
2
v1
2
(
1
S1
−
1
S2
)
+
√
pi
2
1
|δv1 |
(
δ2v1
S1
− 1
)
erf
√
|δ2v1 |
2
(
1
S1
− 1
S2
)]
. (34)
Russell (2013) defines the survival time distribution of a growing void population as the probability of a void with volume
scale S1 = S(V1) being incorporated into a system of volume larger than the corresponding scale S2 = S(V2) during the time
interval dδv2 by adapting the survival times of dark matter haloes of LC93. As is pointed out in Russell (2013), the negative
sign of the survival time distribution, equation (34), is known as the conditional failure rate or hazard function in statistical
mathematics. Then equation (34) measures the failure rate of void radii that could not merge at a given redshift or measures
the risk of voids not merging/growing for a given size with respect to a time interval.
Collapse probability of embedded/minor voids: The concept of survival probability of embedded/minor voids is
slightly different than their growing counterparts. Unlike growing voids, embedded voids collapse at the volume scale S2
instead of surviving. Therefore, the survival embedded void probability is named as the collapse probability, since it is the
chance of an embedded void to collapsing. Then the collapse probability is defined as the probability of a void making its
transition from S < S2 to S > S2 at barrier δc and vanishing at this collapse barrier δc. Similarly to the survival probability
of a growing void, the mathematical description of the collapse probability of an embedded/minor void is given by,
P (S > S2, δc|S1, δ˜v)︸ ︷︷ ︸
probability of collapsing beyond S2
= 1− P (S 6 S2, δc|S1, δ˜v)︸ ︷︷ ︸
probability of a void failing before reaching S2
. (35)
Similar to the survival probability of growing void population, the collapse probability of the embedded voids P (S >
S2, δc|S1, δ˜v) varies between one and zero, corresponding to success in collapse and failing. Hence, the collapse probability by
using equation (35) and equation (13) is derived analytically as,
Pcoll
(
S > S2, δc|S1, δ˜v
)
= 1−
∫ S2
0
fS2
(
S′2, δc|S1, δ˜v
)
dS′2
= 1− e−
2
3
S1
δ˜2
v
−yn
S
2
1
δ˜4
v erf
(
δc√
2S1
(
S1 − 2S2√
S2 (S1 − S2)
))
, (36)
where yn (in which n = 0, −1, −1.5, −2) is a model-dependent numerical value that admits the following values for the
self-similar models,
y0 = 2.77, y−1 = 2.98, y−1.5 = 3.307, y−2 = 3.86. (37)
Here, the spherical model is adopted which leads to the barrier ratio γ = 0.5 (Sheth & van de Weygaert 2004) and binary
merging which gives the relation of scales depending on the self-similar model S2 ≈ 2−αS1. The scales should be set as
S1 = S(V ), S2 = S(2V ) due to the binary merging method. The dynamical variables of the hierarchical evolution are defined
by the linear over- and underdensities δ˜v = δ˜v(t) and δc = δ(tsurv). Equation (36) also defines the probability that a void
merges into a system of volume larger than the corresponding volume scale S2 at collapse barrier δc. Then at collapse barrier
δc, this void collapses. Fig. 13 shows the collapse probabilities of embedded voids for given redshifts, when they incorporate
into radius R2 for the self-similar models. According to this, in all models, the collapse probability shows similar behavior
in terms of redshift. In other words, in a given model the probability distributions in terms of different redshifts slightly
deviate from each other. In addition, in all models the collapse probabilities decrease with increasing size. This is an expected
result since embedded/minor voids are to be affected by their environments. Embedded voids most likely collapse. Note that
the radius range of the collapse probability distribution with value P (R2) = 1 indicates 100% success in collapsing. After
the maximum collapse radius at a given redshift, the probability distribution starts decreasing towards large radii. Then
it reaches the value zero indicating no collapse for voids in this radius at this given redshift. As a general feature of the
models, the smallest size voids have the highest collapse probability. In addition, The size range of voids with highest collapse
probability decreases with decreasing spectral index and also decreases towards higher redshift values in a given model. For
example, in the self-similar models with index n = 0, −1, −1.5, voids with radius up to 6 4.5 h−1Mpc, 6 2.5 h−1Mpc and
6 1.5 h−1Mpc are destined to collapse at present-day zc = 0. All voids with radii above these limits in the related model
are less likely to collapse. The collapse radii with zero probability P (R2) = 0 define the lowest radius limit of immortal voids
that continuously grow/merge without collapsing. The radii of embedded voids that do not collapse ever, depending on the
models are > 65 h−1Mpc for n = −1.5 , > 35 h−1Mpc for n = −1 and > 20 h−1Mpc for n = 0.
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Apart from the collapse probability, the collapse failure rate of the embedded/minor void population is also defined. The
collapse failure rate can be defined as the change of probability of a void that will not collapse at a given redshift interval. In
other words, some embedded voids fail to collapse at a given redshift or a given size. The collapse failure rate is given by the
negative signed derivative of the collapse probability in terms of δc. Hence, the collapse failure rate of embedded/minor voids
is given by,
Fδc,coll = dδc
(
∂P (S 6 S2, δc|S1, δ˜v)
∂δc
)
=
√
2
pi
e
−
2
3
S1
δ˜2
v
−yn
S
2
1
δ˜4
v e
−
(S1−2S2)
2
2S1S2(S1−S2)
δ2
c
(S1 − 2S2)√
S1S2 (S1 − 2S2)
, (38)
in which yn are the numerical values and given by values (37). Equation (38) then provides important information by showing
at what redshift interval and what size of voids have chance to collapse or survive. Fig. 14 presents the collapse failure rates
of embedded/minor voids in terms of redshift zv(> zc = 0) for 5, 6, 7 and 8 h
−1Mpc size voids. These embedded voids start
merging at zv before reaching the collapse at redshift zc = 0 in self-similar models based on equation (38). According to this,
Fig. 14 demonstrates that the collapse failure rate slightly increases from n = 0 to n = −1.5 for a given size void. In addition
to this, the failure rate becomes constant towards n = −1.5. According to this, relatively smaller size voids at high redshifts
show lower collapse failure rate than their larger radius counterparts. While this behavior is dominant in the self-similar-model
n = 0, it becomes constant in redshift. However, smaller size embedded voids present smaller collapse failure rate. This shows
that high redshifts keep slightly more small size voids rather than large ones.
Apart from the collapse failure rate of the void population in terms of redshift, it would be interesting to see the failure
rate in terms of the size distribution for a given redshift range. Therefore, Fig. 15 shows the instantaneous probability of failing
rate in terms of void radius R2, in which a void doubles its size and collapses, for self-similar models with index n = 0, −1,
−1.5. As is seen in the figure, the collapse failure rates are first increasing and then decreasing with increasing void radius at
a given redshift in each model. This special shape of the collapse failure rate model is called the lognormal survival model in
the context of survival analysis (Kleinbaum & Klein 2011). In Fig. 15, the collapse failure rate of voids increases towards high
redshifts. In the self-similar models, the collapse failure rates at given redshifts approach each other with decreasing spectral
index. In addition, the failure rate increases with decreasing spectral index. However, in all models, the collapse failure rate
increases until reaching a certain radius at a given redshift, then it starts decreasing. This means that in each redshift there is
a characteristic (turn around) void radius that behaves as a transition criterion between collapsing and growing void radius.
As a consequence of this, voids at their characteristic failure radius at a given redshift most likely dominate the void size
distribution and they will dominate the given redshift. As is seen in Fig. 15, in the models, the peak of the failure rate
increases with decreasing spectral index and decreasing redshift.
5.2 Volume Formation Time and Extended Void Merging Tree
Formation time for voids in the two-barrier excursion set is the same as growing voids in the one-barrier excursion set. Then,
the formation time of a void is defined as the redshift at which a progenitor void of the main void forms with half of the volume
of the main void. Following LC93, it is mentioned that after the formation time (or S < S1), the choice of the largest volume
progenitor as the main progenitor defines a continuous track through the merging tree. It is obvious that formation times have
key importance in constructing a merging tree of voids. However it is pointed out that obtaining formation times from random
walks is problematic compared to obtaining the survival times since the volume assigned for a particle by tracking its density
δ is not its actual volume but its approximate value (based on LC93). However this fact does not lead to any self inconsistency
in merger rates and survival times. In addition to this, it has been shown that the analytical counting argument of generating
merging histories provides similar results to LC93. The void counting method from the void perspective is discussed in the
following.
5.2.1 Void Counting, Analytical Method to Extended Void Merging Tree
The void counting is based on defining the number density of voids in a given volume range. This number density evolves into
a larger range at later times, which then allows us to obtain the probability distribution of voids with volume V2 that had a
parent in the volume range V2/2 < V1 < V2 at δ˜v and this probability equals the probability that its formation time is earlier
than δ˜v > δf . The counting method provides analytical solutions in terms of self-similar models which can be extended into
the CDM model.
The number density of voids (V1, V1 + dV1) at time δ˜v, which are incorporated into voids of volume (V2, V2 + dV2) at time
δ˜v > δc is,
d2n =
dn
dV1
(V1, δ˜v)dV1fS2
(
S2, δc|S1, δ˜v
)
dS2. (39)
As long as V2 6 V1 < V2/2 each trajectory must connect unique voids because there cannot be two paths each of which contain
more than half of the final volume. However, it is possible that the volume of void V2 at δc has no progenitor of volume < V2/2
at time δ˜v. The probability that a void with volume V2 at δc has a progenitor in the volume range V2 > V1 > V2/2 at time δ˜v
is then given by the ratio of voids that evolve to another volume V2 relative to the total void volume V1,
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Figure 13. The collapse size distribution of embedded voids for self-similar models with index n = 0, −1, −1.5. In all models, the
collapse probability of an embedded void is displayed in terms of radius R1 at a given redshift zv which later on collapses at zc = 0 when
it doubles in size R2 = 2 R1.
dP
(
V1, δ˜v|V2, δc
)
dV1
=
(
dn(V1)/dV1
dn(V2)/dV2
)
fS1
(
S1, δ˜v|S2, δc
) ∣∣∣∣dS1dV2
∣∣∣∣ , (40)
which leads to,
dP
(
V1, δ˜v|V2, δc
)
dV1
dV1 =
(
V2
V1
)
fS1
(
S1, δ˜v|S2, δc
)
dS1. (41)
Integration of equation (41) over the volume range V2/2 < V1 < V2 gives the probability distribution of void V2 that had a
parent in this volume range at δ˜v, which equals the probability that its formation time is earlier than this,
P
(
δf < δ˜v|V2, δc
)
= P
(
V1 < V2/2δ˜v |V2, δc
)
=
∫ Sh=S2(V2/2)
S2
(
V2
V1
)
fS1
(
S1, δ˜v|S2, δc
)
dS1, (42)
where V2/V1 is the weighting factor and Sh = S(V2/2). Volume ratios V2/V1 in the probability density function
fS1
(
S1, δ˜v|S2, δc
)
define interval [Sh, S2]. Therefore, in terms of self-similar models, the exact solutions of the probability
function for n = 0,−1.5,−2 are derived for the spherical model (see A). In addition, probability (42) defines the distribution
of formation times as well,
P
(
> δf
)
=
∫ 1
0
1√
2pi
[
S˜ (2α − 1) + 1
]1/α δf
S˜3/2
exp
(
−1
2
δ2f
S˜
)
exp
(
−2
9
S˜
δ2f
− 32
81
S˜2
δ4f
)
dS˜, (43)
by substituting the following transformations of S˜ and δf , into the probability distribution (42),
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Figure 14. The failure rate of embedded voids in terms of merging redshift zv for given radii 5, 6, 7, 8 h−1Mpc in the self-similar models
with index n = 0, −1, −1.5.
S˜ ≡ S − S2
Sh − S , δf ≡
δ − δc√
Sh − S2
. (44)
For embedded voids, obtaining model-dependent analytical solutions is not possible. Therefore, the numerical solution of the
merging probability (43) is investigated. Fig. 16 indicates the probability densities in terms of barrier height δf which is
approximately the formation redshift zf . This depicts the fact that the models have similar distributions and their difference
is so small that it can be negligible.
6 SUMMARY AND DISCUSSION
In this study, the analytical growing void merging tree model of Russell (2013) based on the one-barrier excursion set/EPS
formalism is extended to the two-barrier excursion set by taking into account collapsing subvoids as well as merging ones.
To do this, excursion Brownian walk is constructed from the bridge-meander random walk of the void in cloud process by
using a method given by Marchal (2003). This method allows one to use the two-barrier fraction function of void populations
given by Sheth & van de Weygaert (2004). Then the merging tree algorithm of overdense regions derived by LC93 is modified
into a void merging one in terms of the spherical model. A new parameter called the barrier height ratio γ is defined, and
this parameter is transformed into a new barrier height ratio γ˜ after the void and cloud process is treated to the cloud in
cloud process. These barrier height ratios have key importance since they define the collapse and merging behaviors of the
distribution function of the void population. Assuming spherical voids and binary merging which gives the relation of scales
depending on the self-similar model S2 ≈ 2αS1 and the barrier ratio γ˜ = 0.25, the void merging algorithm for void populations
is obtained in terms of the two-barrier EPS formalism. According to this, the following results are found,
(i) The size distribution of the embedded void populations are obtained by using the two-barrier EPS formalism. Making
the distinction between growing and collapsing voids based on a choice of the barrier height ratio γ˜ (or γ) and the redshift
constraints, it is shown that the size distribution of self-similar models present two cutoff values indicating the largest and
smallest embedded voids at a given redshift. The cutoff sizes have the same lowest probabilities. In addition, the peak of
a size distribution at a given redshift indicates that this size of embedded voids dominate the given epoch. The embedded
voids with the highest distribution rate become smaller towards high redshifts. This behavior corresponds to the fact that
relatively small size embedded voids dominate the void distribution of the Universe at high redshifts compared to low redshift
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Figure 15. The failure rate of embedded/minor void regions in terms of the incorporated radius R2 at given redshifts zv when voids
start merging and they collapse at zc = 0 in the self-similar models (with index n = 0, −1, −1.5 from upper to lower panels respectively).
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Figure 16. Numerical solution of the probability distribution of merging voids. This shows the distribution as a function of threshold
height δf ∼ zf in terms of self-similar models. As is seen, the difference between models is small and negligible and the probability
distributions of formation times form a peak around δf = 1.25 for all self-similar models.
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Figure 17. Comparison of the size distribution of void populations in terms of self-similar models with spectral indices ng = 0 and −2
for growing and nm = 0, and −2 for embedded/minor voids. In both models of size distribution of embedded/minor voids start merging
events at zv = 0.3 and collapse at present-day redshift zc = 0. Growing voids only show merging behavior since the collapse barrier is
moved towards very high redshifts, in which the barrier ratio is chosen as γ = 0.6 and the merging redshift zv = 0.
values. This result agrees with hierarchical scenarios (Sheth & van de Weygaert 2004; Ricciardelli et al. 2013; Russell 2013).
On the other hand, observing of the largest spherical embedded voids is unlikely due to their low probability values in the
self-similar models. This theoretical result is in agreement with the observational and numerical study of Tavasoli et al. (2013).
In Millennium I simulation mock data, Tavasoli et al. (2013) find that in the simulation, large voids are less abundant.
However, Sutter et al. (2013) point out the importance of the density of voids. Sutter et al. (2013) show that voids become
larger, spherical and also small voids disappear when the tracer density is reduced. This is particulary interesting since void
density is chosen as in the linear theory δv = −2.81 in this study, based on Sheth & van de Weygaert (2004). Following up
on the study of Sutter et al. (2013), the extended void merging algorithm should be tested for different underdensities based
on the observational and numerical studies, in order to see how the embedded void algorithm changes.
In the extended void merging algorithm it also is shown that the size of dominant embedded voids increases towards low
spectral index while the size range of minor voids increases. This indicates that small scales are most likely dominated by
larger size embedded voids than larger scales in the self-similar models.
The one-barrier excursion set formalism of growing voids of Russell (2013) shows slightly lower probability of sizes for
a given model compared to the size distribution of growing voids that is obtained from the two-barrier EPS formalism by
choosing δc ≫ |δv|. However, the size distribution of growing voids of the two-barrier excursion set obtained from equation
(27) for the barrier height ratio γ ≫ 0.5 indicates smaller size voids than the size distribution function that is derived from
the one-barrier excursion set formalism (Russell 2013). This is obviously because of the second barrier value in the conditional
fractional function. In the one-barrier excursion set formalism, the second barrier in the conditional distribution function is a
merging barrier δv while in the two-barrier approach the second barrier in the conditional distribution function is the collapse
barrier.
Fig. 17 explicitly represents this distinction between growing and embedded void populations with different spectral index.
As was aforementioned, the void size distribution range increases with decreasing spectral index. As is seen in Fig. 17, this
behavior is more striking in a growing void size distribution than in embedded ones.
(ii) It is found that the merger rates of embedded voids that are derived in this paper and growing void populations of
Russell (2013) are the same. Therefore, it can be concluded that embedded and growing void populations have the same
merger characteristics. However, at some point embedded voids are destined to vanish or will be squeezed by the overdense
regions while growing voids continuously merge. As an extension of this result and Russell (2013), it may be possible to
generalize that embedded/minor and growing voids have the same merger rate characteristic as dark matter haloes.
(iii) The survival probability of the void population is defined and formulated analytically in terms of the two-barrier
excursion set formalism. The two-barrier survival probability of the embedded/minor voids is named as the collapse probability.
Then, a distinction between the survival probability of growing voids is made based on the one-barrier formalism and the
collapse probability of the two-barrier formalism which has contributions from both the growing and the embedded void
populations. According to this, while the survival probability of the growing void population is defined by the distribution of
voids that will continue merging after reaching double their size, the collapse probability of embedded minor voids is defined
as the probability of voids that merge until the collapse barrier/redshift.
In addition, it is shown that the collapse probability of embedded voids, that will vanish under collapse regions, indicates
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Figure 18. Comparison of the failure rates of growing (left) and embedded (right) voids for the self-similar model n = −1.5. These
panels represent the failure rates of voids in terms of the one-barrier (left) and the two-barrier (right) EPS formalisms.
small void size ranges. This is due to the fact that large size/growing voids are not strongly affected by collapse regions
(Sheth & van de Weygaert 2004; D’Aloisio & Furlanetto 2007; Russell 2013; Ceccarelli et al. 2013). Here, model-dependent
upper limits on the radius of the embedded voids that will collapse with the highest probability Pcoll = 1 are obtained; these
are 6 4.5 h−1Mpc, 6 2.5 h−1Mpc and 6 1.5 h−1Mpc for self-similar models with the index n = 0, −1, −1.5 respectively.
Besides this, lower limits on the radius of embedded voids are calculated. According to this, all voids with radii above these
limits in the related model continuously grow/merge without collapsing. These lower limits are > 20 h−1Mpc, > 35 h−1Mpc
and > 65 h−1Mpc in the self-similar models with index n = 0, −1, −1.5.
(iv) An analytical description of the collapse failure rate of the embedded voids is obtained. The collapse failure rate is
defined as the change of probability of a void that will not collapse at a given redshift interval or size interval. According to
this, the collapse failure rate of embedded voids is given by the negative derivative of the collapse probability distribution in
terms of the collapse barrier/redshift δc ≈ zc.
Consequently, it is shown that 5 h−1Mpc size embedded voids around zv = 1.4 have more chance to collapse compared to
large size > 5 h−1Mpc embedded voids. In the self-similar models, this tendency of collapsing of small size embedded voids
reduces towards lower spectral indices. This may indicate that the collapse failure, or risk of an embedded void not collapsing,
increases with increasing size. Given the definition of growing voids which do not collapse, this is an expected result and
agrees with Sheth & van de Weygaert (2004); Russell (2013); Ceccarelli et al. (2013).
The failure rates of growing and embedded voids represent completely different behavior. In Fig. 18, the comparison of the
two different failure rate behaviors is given. According to this, the failure rate of growing voids measures the change in the
probability distribution of a void which starts its evolution at merging barrier δv1 ≈ zv1 and later on incorporates its double
size at a merging barrier δv2 ≈ zv2 . The failure rate of embedded voids measures the change in the probability distribution of
a void that starts merging at δ˜v ≈ zv which then incorporates its double size and collapses at a collapse barrier δc ≈ zc. Also,
as is seen in Fig. 18, the shape of the collapse failure rate of the embedded voids is related to the lognormal survival model,
while only growing voids show the shape of another special failure rate called the Weibull survival model (Kleinbaum & Klein
2011) as is shown by Russell (2013). In addition, the failure rates for embedded voids increase up to a turnaround point at a
certain radius at a given redshift. After these particular radii are reached, the failure rate starts decreasing. These turnaround
void sizes in different models indicate the voids that have the most chance to survive without collapsing. Then the turn around
points of the failure rates give the size value of dominant embedded voids at a given redshift in the volume distribution.
(v) It is shown that although there are analytical solutions for the probability functions of void formation times in the
one-barrier approach of Russell (2013), there are no analytical solutions for the expected void distribution in terms of the
formation barrier based on the two-barrier formalism. Fig. 19 shows the comparison of the two- and one-barrier EPS formalism
of void formation probability distributions for three different self-similar models. The two-barrier approach provides a better
solution of the hierarchical void evolution than the one-barrier EPS formalism. The reason for this is the probability function
of void formation times in the one-barrier EPS formalism has negative values for small formation barrier δf or redshift zf ,
values which is not acceptable due to the definition of the probability function. However the two-barrier approach does not
have this problem. Nevertheless, the formation time distribution of the two-barrier approach is lower than the one-barrier
one. This indicates that there are more void structures in the one-barrier EPS formalism than the two-barrier formalism.
As an extension of the one-barrier void merging tree algorithm of Russell (2013), here merging, survival, failure and formation
time distributions of voids, that are embedded in overdense regions, are obtained. Also, this study only focuses on the self-
similar models, which are approximated by a ΛCDM model by following Sheth & van de Weygaert (2004). Unlike the one-
barrier void merging tree algorithm, the algorithm of the two-barrier void merging tree has complex mathematical derivations.
Although its mathematical derivation is complex, it can be seen that its structure leads to the extension of the one-barrier
void merging algorithm of Russell (2013).
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Figure 19. Comparison of numerical solutions of the probability distribution of formation times of voids in the two-barrier (left) and
one-barrier (right) EPS formalisms in the self-similar models with spectral index n = 0, −1.5, −2. In each plot, when the index decreases
the probability distribution decreases as well. As can be seen, the difference between self-similar models in each plot is small.
The main goal of this paper is to provide a treatment of the void in cloud problem of the EPS formalism, and constructing
an embedded void merging algorithm based on this new method. That is why, this extended void merging algorithm, focused
on only the self-similar models in the case of spherical voids in the EdS Universe. As a result of this, collapse and expansion
of a void are described in terms of linear theory, and the non-linear effects for smaller void sizes (< 5 h−1Mpc) in the
void merging algorithm is neglected. However, it should be pointed out that when voids evolve in time, they tend to be
more spherical (Centrella & Melott 1983; Fujimoto 1983; Bertschinger 1985) and this tendency is described by the Bubble
Theorem of Icke (1984). Moreover, numerical studies show this tendency (Tavasoli et al. 2013) even for small scale subvoids
(Ricciardelli et al. 2013). On the other hand, Jennings et al. (2013) obtain the number density of spherical voids using a
linearly extrapolated density δv = −2.7 in the dark matter distribution from N-body simulations in a ΛCDM cosmology. They
show that the abundance of voids at redshift z = 0 does not match the abundance given by Sheth & van de Weygaert (2004).
Jennings et al. (2013) stress the fact that the EPS formalism of Sheth & van de Weygaert (2004) does not take into account
merging of voids as they expand. Note that here we investigate only the self-similar spectra to construct a void merging
algorithm which is based on the LC93 dark matter merging algorithm. LC93 merging tree algorithm of dark matter haloes is
limited to the self-similar models and provides an approximated dark matter solutions. That is why, investigating the extended
void merging algorithm in different ΛCDM models by using different CDM power spectra and taking into account non-linear
effects on small size voids seem essential in order to achieve a proper full understanding of the formation and dynamics of the
Cosmic Web from a void based structure formation. As a result, the extended and growing void merging algorithms can be
tested and then may provide a realistic framework. Therefore, the ΛCDM models and non-linear effects on small size voids in
these void merging algorithms will be discussed in detail in a follow-up paper.
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APPENDIX A: ANALYTICAL DERIVATIONS IN THE EXTENDED VOID MERGING TREE
The probability of an embedded void forming at δf ≈ zf , that later on doubles its volume and collapses at the barrier δc ≈ zc,
is given by,
P
(
δf < δ˜v|V2, δc
)
= P
(
V1 < V2/2δ˜v |V2, δc
)
=
∫ Sh=S2(V2/2)
S2
(
V2
V1
)
fS1
(
S1, δ˜v|S2, δc
)
dS1,
In self-similar models with index n = 1, 0, −1.5, −2, the exact solutions of the probability function are obtained for the
spherical model as,
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where e stands for the exponential function while k˜ and Ω˜(S2) are defined as,
k˜ ≡ δ˜v − δc,
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